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Abstract
In this paper we study a class of generalized Fock spaces associated with the Dunkl
operator. Next we introduce the commutator relations between the Dunkl operator and
multiplication operator which leads to a generalized class of Weyl relations for the Dunkl
kernel.  2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
Fock spaces are a family of Hilbert spaces, whose elements are entire functions
of n complex variables. These spaces are associated with Fock’s [1] realization of
the creation and annihilation operators of Bose particles in quantum field theory.
In 1961, Bargmann [2] obtained a realization of the ordinary Fock space F as
a space of entire functions on C with the inner product
(f, g) := 1
π
∫
C
f (z)g(z)e−|z|2 dx dy, z= x + iy.
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Let f,g ∈ F , with Taylor series expansions f (z) = ∑+∞n=0 anzn and g(z) =∑+∞
n=0 cnzn. Then
(f, g)=
+∞∑
n=0
anc¯nn! and ‖f ‖2 =
+∞∑
n=0
|an|2n!. (1)
The ordinary Fock space also has a reproducing kernel K(z,w)= ez¯w, and if
f ∈F , then
f (w)= (f, ew¯·), w ∈C.
Thus the Dirac delta function in F is the exponential function.
In 1984, Cholewinski [3] introduced a Hilbert space Fx of even entire func-
tions where the inner product is weighted by the modified Macdonald function.
On Fx the Bessel operator
∆α = d
2
dz2
+ 2α+ 1
z
d
dz
, α >−1
2
,
and the multiplication by z2 are adjoints and satisfy the commutation rule[
∆α, z
2]= 4(αI + z d
dz
)
.
This commutator rule leads to a generalized class of Weyl relations for the Bessel
operator.
In this paper we consider the Dunkl operator Λα, α −1/2, associated with
the reflection group Z2 on R:
Λαf (z) := d
dz
f (z)+ 2α+ 1
z
[
f (z)− f (−z)
2
]
.
This operator was introduced and studied for the first time by Dunkl [4,5].
It plays a major role in various fields of mathematics and also in physical
applications, it is, for example, naturally connected with certain Schrödinger
operators for Calogero–Sutherland-type quantum many body systems on the line
[6–8].
The Dunkl kernel Eα(wz) is the unique solution of the initial problem
Λαf (z)=wf (z), f (0)= 1;
see [9,10]. This kernel is given by
Eα(wz)=α(wz)+ wz2(α + 1)α+1(wz), (2)
where α is the modified spherical Bessel function of order α (see [11]).
Furthermore, the Dunkl kernel Eα(wz) is analytic for each variables and it can
be expanded in a power series in the form
Eα(w, z)=
+∞∑
n=0
(wz)n
bn(α)
, bn(α)= 2
n([n/2])!
Γ (α + 1) Γ
([
n+ 1
2
]
+ α + 1
)
. (3)
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Here [n/2] is the integer part of n/2.
Let α >−1/2. The generalized Fock space Fα , introduced in this paper, is the
Hilbert space of entire functions on C with the inner product given by
(f, g)α :=
∫
C
fe(z)ge(z)dmα(z)
+ 2(α + 1)
∫
C
f0(z)g0(z)|z|−2 dmα+1(z),
where fe(z) = (1/2)(f (z) + f (−z)), f0(z) = (1/2)(f (z) − f (−z)) and mα is
the measure defined on C by
dmα(z) := 1
π2αΓ (α + 1) r
2α+3Kα(r2) dr dθ, z= reiθ ;
here Kα is the Macdonald function [12].
If f,g ∈ Fα , having the Taylor series expansions f (z) = ∑+∞n=0 anzn and
g(z)=∑+∞n=0 cnzn, then
(f, g)α =
+∞∑
n=0
ancnbn(α).
The generalized Fock space Fα has also a reproducing kernel Kα given by
Kα(w, z)=Eα(w¯z). If f ∈Fα , then we have
f (w)= (f,Eα(w¯·))α, w ∈C.
Thus the Dunkl kernel serves as the generalized Dirac delta function in Fα .
The associated operators for the generalized Fock space Fα are Λα and the
multiplication operator Q. They are adjoints in Fα and satisfy a commutation
rule
[Λα,Q] = I + (2α + 1)B, where Bf (x)= f (−x).
This commutator rule leads to a generalized class of Weyl relations for the Dunkl
kernel.
2. Generalized Fock spaces for the Dunkl kernel
In this section we define and study the generalized Fock space for the Dunkl
kernel. First we recall some properties of the generalized Hermite functions.
For w,z ∈C, we have the following generating function
e−w2/4Eα(wz)=
+∞∑
n=0
Hαn (z)
bn(α)
(
w
2
)n
, (4)
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where
Hαn (z)=
[n/2]∑
k=0
(−1)kbn(α)
k!bn−2k(α) (2z)
n−2k, z ∈R.
The polynomials Hαn , n ∈ N, are called generalized Hermite polynomials and
studied in [9] and [13].
Definition 1. Let n ∈N, we define the generalized Hermite functions hαn on R by
hαn(z) :=
2−(n−α−1)/2√
bn(α)
e−z2/2Hαn (z).
We denote by
• L2(µα) the Hilbert space of measurable functions on R, for which
‖f ‖2,α :=
[∫
R
|f (z)|2 dµα(z)
]1/2
<+∞.
Here µα is the measure defined on R by
dµα(z) := 12α+1Γ (α + 1) |z|
2α+1 dz. (5)
• mα, α >−1/2, the measure defined on C by
dmα(z) := 1
π2αΓ (α + 1) r
2α+3Kα(r2) dr dθ, z= reiθ ,
where Kα is the Macdonald function defined by
Kα(z) := π2
I−α(z)− Iα(z)
sin(απ)
, α ∈C \ Z, | arg(z)|< π,
and
Iα(z)= 1
Γ (α + 1)
(
z
2
)α
α(z).
Here α is the modified spherical Bessel function given by
α(z) := Γ (α + 1)
+∞∑
n=0
1
n!Γ (n+ α + 1)
(
z
2
)2n
.
Remark. Since the Macdonald function Kα(r2) is positive, the measure mα is
nonnegative on C.
Lemma 1 [9]. The set {hαn}n∈N is an orthonormal basis of L2(µα).
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Definition 2. Let α >−1/2.
(i) The space Fα,e is the Hilbert space of even entire functions on C, with the
inner product defined by
(f, g)α,e :=
∫
C
f (z)g(z) dmα(z).
(ii) The space Fα,o is the Hilbert space of odd entire functions on C, with the
inner product
(f, g)α,o := 2(α+ 1)
∫
C
f (z)g(z)|z|−2 dmα+1(z).
Remark. The space Fα,e is associated with the Bessel operator and was
introduced by Cholewinski in [3].
Definition 3. Let α > −1/2. The generalized Fock space Fα is the direct sum
of Fα,e and Fα,o; we denote Fα = Fα,e ⊕Fα,o. Thus Fα is a Hilbert space with
inner product
(f, g)α := (fe, ge)α,e + (fo, go)α,o,
where
fe(z)= f (z)+ f (−z)2 and fo(z)=
f (z)− f (−z)
2
.
Theorem 1. If f,g ∈Fα with f (z)=∑+∞n=0 anzn and g(z)=∑+∞n=0 cnzn, then we
have
(f, g)α =
+∞∑
n=0
anc¯nbn(α).
Proof. Let σ ∈ ]0,+∞[ . We compute
M(σ) :=
∫
|z|σ
∣∣fe(z)∣∣2 dmα(z)+ 2(α+ 1)
∫
|z|σ
∣∣fo(z)∣∣2|z|−2 dmα+1(z).
Then
‖f ‖2α = lim
σ→+∞M(σ). (6)
Using the dominated convergence theorem, we obtain
M(σ)=
+∞∑
n,m=0
a2na¯2m
∫
|z|σ
z2nz¯2m dmα(z)
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+ 2(α + 1)
+∞∑
n,m=0
a2n+1a¯2m+1
∫
|z|σ
z2n+1z¯2m+1|z|−2 dmα+1(z).
Moreover, put z= reiθ ; then we have∫
|z|σ
z2mz¯2n dmα(z)= θ2n(σ,α)δn,m,
where
θ2n(σ,α)= 12α−1Γ (α + 1)
σ∫
0
r4n+2α+3Kα
(
r2
)
dr.
Thus
M(σ)=
+∞∑
n=0
|a2n|2θ2n(σ,α)+ 2(α+ 1)
+∞∑
n=0
|a2n+1|2θ2n(σ,α + 1). (7)
But from [12, p. 50] we have
lim
σ→+∞ θ2n(σ,α)= b2n(α)
and
lim
σ→+∞2(α+ 1)θ2n(σ,α + 1)= 2(α+ 1)b2n(α + 1)= b2n+1(α).
Using (6) and (7), we obtain from the monotone convergence theorem that
‖f ‖2α =
+∞∑
n=0
|an|2bn(α). (8)
By polarization we obtain the result for the inner product of two functions. ✷
Corollary 1. Let ξn(z) = zn/√bn(α). Then the family {ξn}n∈N forms an
orthonormal basis for Fα .
Proposition 1. (i) Let f (z)=∑+∞n=0 anzn ∈Fα . Then
|f (z)| e|z|2/2‖f ‖α.
(ii) The space Fα is a subspace of the ordinary Fock space F , and we have
‖f ‖ ‖f ‖α,
where ‖ · ‖ is the norm given by (1).
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Proof. (i) Using the Cauchy–Schwarz inequality, we have
|f (z)|2 
[+∞∑
n=0
|an|2bn(α)
][+∞∑
n=0
|z|2n
bn(α)
]
= ‖f ‖2αEα
(|z|2).
Thus
|f (z)| ‖f ‖α
[
Eα
(|z|2)]1/2.
The result follows from the inequality
Eα
(|z|2) e|z|2 .
(ii) Using the inequality n! bn(α), we obtain
‖f ‖2 =
+∞∑
n=0
|an|2n!
+∞∑
n=0
|an|2bn(α)= ‖f ‖2α. ✷
From Proposition 1(i), the map f → f (z), z ∈ C, is a continuous linear
functional on Fα . Thus from [14], Fα has a reproducing kernel.
Proposition 2. The function Kα , given for w,z ∈C by
Kα(w, z)=Eα(w¯z),
is a reproducing kernel for the generalized Fock spaces Fα; that is,
(i) For every w ∈C, the function z→Kα(w, z) belongs to Fα .
(ii) The reproducing property: for every w ∈C and f ∈Fα , we have(
f,Kα(w, ·)
)
α
= f (w).
Proof. (i) Using (3), (8) and the inequality n! bn(α), we deduce for w ∈C
∥∥Eα(w¯·)∥∥2α =
+∞∑
n=0
∣∣∣∣ w¯nbn(α)
∣∣∣∣
2
bn(α) e|w|
2
<+∞,
which proves (i).
(ii) If f (z)=∑+∞n=0 anzn ∈Fα , it follows that
(
f,Eα(w¯·)
)
α
=
+∞∑
n=0
an
wn
bn(α)
bn(α)= f (w). ✷
We denote by Uα the kernel given for w,z ∈C by
Uα(w, z) := 2(α+1)/2e−(w2+z2)/2Eα
(√
2wz
)
. (9)
M. Sifi, F. Soltani / J. Math. Anal. Appl. 270 (2002) 92–106 99
Remark. From (4), we have for w,z ∈C:
Uα(w, z)=
+∞∑
n=0
hαn(z)√
bn(α)
wn, (10)
where hαn is the generalized Hermite function given by Definition 1.
Proposition 3. (i) For v,w ∈C, we have
Eα(vw)=
∫
R
Uα(v, z)Uα(w, z) dµα(z).
(ii) For all w ∈C, the function z→Uα(w, z) ∈L2(µα), and we have∥∥Uα(w, ·)∥∥22,α =Eα(|w|2).
(iii) For all z ∈R, the function w→ Uα(w, z) ∈Fα , and we have∥∥Uα(·, z)∥∥2α = 2α+1e−3z2Eα(2z2).
Proof. (i) We have∫
R
Uα(v, z)Uα(w, z) dµα(z)
= e−(v2+w2)/2
∫
R
Eα(vz)Eα(wz)e
−z2/2 dµα(z)
= e−(v2+w2)/2
{
Gα(v,w)+ vw2(α+ 1)Gα+1(v,w)
}
,
where
Gα(v,w)=
∫
R
α(vz)α(wz)e−z2/2 dµα(z).
But from [15, p. 248] we have
Gα(v,w)= e(v2+w2)/2α(vw),
which proves (i).
(ii) Follows from (i).
(iii) For w ∈C, we put
ϕ(w)= e−(w2+w¯2)/2.
Let z ∈R. Then from Proposition 2(ii) we have∥∥Uα(·, z)∥∥2α = 2α+1e−z2(ϕEα(√2z·),Eα(√2z·))α
= 2α+1e−3z2Eα
(
2z2
)
. ✷
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Definition 4. The chaotic transform C is the transformation defined on L2(µα) by
C(f )(w) :=
∫
R
Uα(w, z)f (z) dµα(z), w ∈C.
Remark. The basis elements of L2(µα) and Fα are called chaos. In the following
theorem we shall prove that the transformation C maps the chaos of L2(µα) to
these of Fα ; for this we call it chaotic transform. It is usually used in stochastic
calculus (see [16]).
Theorem 2. The chaotic transform C is a unitary mapping of L2(µα) on Fα .
Moreover, the basis elements are related by
C(hαn)= ξn,
where ξn is given by Corollary 1.
Proof. By differentiation under the integral sign, we see that C(f ) is an entire
function.
However, it follows directly from (10) and Lemma 1 that
C(hαn)(w)=
∫
R
Uα(w, z)h
α
n(z) dµα(z)= ξn(w), w ∈C.
Consequently, C maps the subspace generated by the family {hαn}n∈N onto the
polynomials in Fα . Thus C maps a dense set in L2(µα) onto a dense set in Fα .
Further, if f ∈L2(µα), then f (z)=∑+∞n=0 anhαn(z).
For n ∈N, let fn(z)=∑nk=0 akhαk (z). Then
C(fn)(w)=
n∑
k=0
akξn(w), lim
n→+∞‖f − fn‖2,α = 0.
On the other hand, from the Hölder inequality and Proposition 3(ii) we have∣∣C(f − fn)(w)∣∣ [Eα(|w|2)]1/2‖f − fn‖2,α.
Thus we obtain
‖C(f )‖2α =
+∞∑
n=0
|an|2bn(α)= ‖f ‖22,α.
It follows that C is a unitary transformation from L2(µα) onto Fα .
Clearly, if g(z)=∑+∞n=0 anzn ∈Fα , we have
C−1(g)(z)=
+∞∑
n=0
anh
α
n(z). ✷
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Proposition 4. If g ∈Fα , we have
C−1(g)(z)= (g,Uα(·, z))α, z ∈R.
Proof. Let g ∈Fα . We put for z ∈R
Ψα(g)(z)=
(
g,Uα(·, z)
)
α
.
Using (10), Proposition 3(iii) and the same method as in the proof of Theorem 2
we obtain
Ψα(g)(z)=
+∞∑
n=0
anh
α
n(z)= C−1(g)(z). ✷
3. Commutators and Weyl relations for the Dunkl kernel
Definition 5. We define the multiplication operator Q on Fα by
Qf (z) := zf (z).
We denote also by Λα the operator defined for entire functions on C. Let
D(Q)= {f ∈Fα | zf (z) ∈Fα},
D(Λα)=
{
f ∈Fα |Λαf ∈Fα
}
denote the domains of Q and Λα , respectively.
Lemma 2. If f (z)=∑+∞n=0 anzn ∈Fα , then
‖Qf ‖2α = ‖Λαf ‖2α + ‖f ‖2α + (2α+ 1)
+∞∑
n=0
(−1)n|an|2bn(α),
where both sides either have the same finite value or are infinite.
Proof. Let f (z)=∑+∞n=0 anzn ∈Fα . Then
Λαf (z)=
+∞∑
n=1
{
n+ (2α+ 1)
(
1− (−1)n
2
)}
anz
n−1. (11)
Since
bn+1(α)=
{
n+ 1+ (2α+ 1)
(
1+ (−1)n
2
)}
bn(α), (12)
we deduce
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‖Λαf ‖2α =
+∞∑
n=1
{
n+ (2α+ 1)
(
1− (−1)n
2
)}2
|an|2bn−1(α)
=
+∞∑
n=0
{
n+ (2α+ 1)
(
1− (−1)n
2
)}
|an|2bn(α).
Moreover,
‖Qf ‖2α =
+∞∑
n=0
|an|2bn+1(α)
=
+∞∑
n=0
{
n+ 1+ (2α+ 1)
(
1+ (−1)n
2
)}
|an|2bn(α).
This proves the lemma. ✷
Proposition 5. Let f ∈D(Λα) and g ∈D(Q); then we have
(Λαf,g)α = (f,Qg)α.
Proof. Let f (z) =∑+∞n=0 anzn ∈ D(Λα) and g(z) =∑+∞n=0 cnzn ∈ D(Q). From
(11), (12) and Theorem 1 we have
(Λαf,g)α =
+∞∑
n=0
{
n+ 1+ (2α+ 1)
(
1+ (−1)n
2
)}
an+1c¯nbn(α)
=
+∞∑
n=0
an+1c¯nbn+1(α)= (f,Qg)α,
which gives the result. ✷
Proposition 6. The operators Q and Λα are closed densely defined operators on
Fα , and we have
D(Q)=D(Λα), Λ∗α =Q, Q∗ =Λα,
where Λ∗α and Q∗ are the adjoints operators of Λα and Q, respectively.
Proof. Clearly Q and Λα are densely defined, for the set of polynomials is
contained in each of their domains. Let {(fn,Qfn)}n∈N be a sequence in the graph
of Q and let (g,h) ∈Fα ×Fα its limit. Now,
lim
n→+∞‖fn‖α = ‖g‖α and limn→+∞‖Qfn‖α = ‖h‖α.
Since strong convergence implies pointwise convergence, for every z ∈Cwe have
h(z)= lim
n→+∞ zfn(z)= zg(z).
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It follows from [2, Theorem 1.2] that Q is closed. Similarly, we can prove the
property for Λα .
Finally, by Lemma 2 and Proposition 5 we observe that D(Q) = D(Λα),
Λ∗α =Q and Q∗ =Λα. ✷
A simple calculation shows that the commutator of Λα and Q is given by
[Λα,Q] =ΛαQ−QΛα = I + (2α+ 1)B, (13)
where I the identity operator and B is the operator given
Bf (x)= f (−x).
Lemma 3. For n ∈N \ {0}, we have the following relations:
[
Λnα,Q
]= {nI + (2α+ 1)(1− (−1)n
2
)
B
}
Λn−1α
and [
Λα,Q
n
]= {nI + (2α+ 1)(1− (−1)n
2
)
B
}
Qn−1.
Proof. From (13) we obtain
[
Λnα,Q
]= nΛn−1α + (2α + 1)
n−1∑
k=0
ΛkαBΛ
n−k−1
α .
But
ΛkαBΛ
n−k−1
α = (−1)kBΛn−1α .
Thus we get
[
Λnα,Q
]= nΛn−1α + (2α+ 1)
n−1∑
k=0
(−1)kBΛn−1α
=
{
nI + (2α + 1)
(
1− (−1)n
2
)
B
}
Λn−1α .
This proves the first equality of the lemma.
Similarly, we get the second equality. ✷
Since Eα(0)= 1, the kernel Eα(az), a, z ∈C, is a unit in the integral domain
formal power series over C. We define
E−1α (az)=
+∞∑
n=0
tαn (a)
bn(α)
zn.
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Writing
Eα(az)E
−1
α (az)=E−1α (az)Eα(az)= 1,
we obtain

tαn (a)=−
n−1∑
k=0
bn(α
bn−k(α)bk(α)
an−ktαk (a), n ∈N \ {0},
tα0 (a)= 1.
The function E−1α (az) occurs in the generalized Weyl relations for the Dunkl
kernel.
Lemma 4. For a, b ∈C, we have the following commutation relations:[
Eα(aΛα),Q
]= aEα(aΛα)− 2α + 12(α + 1)a(I −B)α+1(aΛα)
and [
Λα,Eα(bQ)
]= bEα(bQ)− 2α+ 12(α+ 1)b(I −B)α+1(bQ).
Proof. It suffices to prove the first equality.
Using Lemma 3, we obtain
[
Eα(aΛα),Q
]= +∞∑
n=0
an
bn(α)
[
Λnα,Q
]
=
+∞∑
n=1
nan
bn(α)
Λn−1α +B
+∞∑
n=1
(2α+ 1)(1− (−1)n)
2bn(α)
anΛn−1α .
From (12), we get
[
Eα(aΛα),Q
]= B +∞∑
n=1
an
bn−1(α)
Λn−1α + (I −B)
+∞∑
n=1
nan
bn(α)
Λn−1α .
Applying the relation
∂
∂w
Eα(wz)= z
{
Eα(wz)− 2α+ 12(α+ 1)α+1(wz)
}
,
we obtain[
Eα(aΛa),Q
]= aBEα(aΛα)
+ a(I −B)
{
Eα(aΛα)− 2α+ 12(α+ 1)α+1(aΛα)
}
= aEα(aΛα)− 2α+ 12(α+ 1)a(I −B)α+1(aΛα).
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This proves the lemma. ✷
Theorem 3. (i) (First generalized Weyl relation). Let a, b ∈C. Then
Eα(bQ)Eα(aΛα)=Eα(aΛα)Eα(bPa),
where Pa is the operator given by
Pa =Q− aI + 2α+ 12(α+ 1)aE
−1
α (aΛα)(I −B)α+1(aΛα).
(ii) (Second generalized Weyl relation). Let a, b ∈C. Then
Eα(aΛα)Eα(bQ)=Eα(bQ)Eα(aTb),
where Tb is the operator given by
Tb =Λα + bI − 2α+ 12(α+ 1)bE
−1
α (bQ)(I −B)α+1(bQ).
Proof. We shall prove (i). (ii) follows in the same way.
We have
E−1α (aΛα)QEα(aΛα)=E−1α (aΛα)
{
Eα(aΛα)Q−
[
Eα(aΛα),Q
]}
.
Using Lemma 4, we obtain
E−1α (aΛα)QEα(aΛα)
=Q− aI + 2α+ 1
2(α+ 1)aE
−1
α (aΛα)(I −B)α+1(aΛα).
This implies that for n ∈N \ {0}
E−1α (aΛα)QnEα(aΛα)
=
{
Q− aI + 2α + 1
2(α + 1)aE
−1
α (aΛα)(I −B)α+1
}n
.
Multiplying by bn/bn(α) and summing, we get
E−1α (aΛα)Eα(bQ)Eα(aΛα)=Eα(bPa),
where
Pa =Q− aI + 2α+ 12(α+ 1)aE
−1
α (aΛα)(I −B)α+1(aΛα).
Then (i) follows upon multiplication by Eα(aΛα). ✷
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